ABSTRACT. In this paper we define "p-adic hull" for preduced groups K.
tain notions coincide whether K is considered a P-module or a Z-module, among these are the following: divisible, reduced, p-height, p"K, K[pn], direct sum, complete direct sum, maximal divisible subgroup (-module). Otherwise it will be made clear what is meant. If no mention of the ring of operators is made, we mean the Zmodule notions.
For instance, "homomorphism" means group homomorphism.
2. The p-adic hull. The fact which makes things work in this paper is the standard embedding of the ring of rational integers Z in the ring P of p-adic integers.
We have (2.1) Z>-*P+»P/Z (ex) with P/Z divisible and iP/Z)[p] = 0.
We derive some simple but useful consequences.
2.2 Lemma. Let A, K be P-modules, and K reduced. Then (a) Hom(A, K) = Homp(A, K). In particular, Hom(P, K) Si K.
(b) K is in a unique way a (unitary) P-module.
(c) If L is a subgroup of K which is a P-module, then L is a submodule of K.
Proof, (a) From (2.1) it follows that Hom(P, K) >-» Hom(Z, K) is exact, i.e. The next lemma justifies the definition of "p-adic hull" which will be given below. (B) // K and K satisfy (a)-(d), then there is a unique P-isomorphism K -» K" which is the identity on K.
(C) For each p-reduced group K there is a group K satisfying (a)-(d).
With standard homological tools (see
Ext(A, L*) = 0 for every group A with A[p] = 0, L* is a P-module. By 2.2 the P-module structure of L* is unique and L is a submodule. The exact sequence
Hence every <p: K -» L e Hom(K, L*) has a unique extension 0 : K -» L*. By 2.2(a) cj>' is a P-homomorphism, and K'<p' = (PK)c/>' = PiKcf>') C PL = L. thus c£' € Hom(K', L).
(B) Immediate consequence of (A).
reduced since K* is reduced, K is by construction a P-module and K = PK,
2.4 Definition. Let K be a p-reduced group. Any group K satisfying (a)-(d) of 2.3 will be called a p-adic hull or P-hull of K. We write K' = Kp.
The p-adic hull has the same degree of uniqueness as does the well-known divisible hull. The statement K' = Kp reads "K1 is a p-adic hull of K". As soon as a specific hull is chosen, it is meant by K and the ambiguity disappears.
We next determine K in some cases, and note some of its properties.
2.5 Proposition, (a) // K is a reduced P-module, then K = K.
(b) // K is a reduced p-group, then K = fC (c) // K is p-reduced and K[p] = 0, then K is torsion-free.
(d) (K ) = K for every p-reduced group K.
(e) // \KÀ is a family of p-reduced groups, then (©K¿)P =®KP. (f) If K is a p-pure subgroup of P, then Kp = P.
(g) If K is a p-reduced torsion-free group and either K/pK is finite or K countable, then K is a free P-module of rank dim (K/pK).
(h) If K is free, then K is a free P-module. The converse does not hold.
reduced, then the submodule PK of L generated by K is a p-adic hull of K.
(j) // \a. | z e l\ is a maximal p-independent subset of the torsion-free preduced group K, then \a. | z e I\ is a maximal p-independent subset of the module K . Further Kp = K + pKp = B + pK + pKp = Bp + pKp, so Kp/Bp is p-divisible.
So Bp is a free, p-pure, dense submodule of Kp' with free generators a¿) which shows that {a. \i £ I\ is a maximal p-independent subset of K .
We remark that K need not contain a p-adic hull for each of the subgroups of K. For example, let \a \ be a maximal independent subset of P and A = ©¿Za.. Then Ap S ®2 HQP which cannot be a submodule of PP = P.
The next proposition shows that the process of forming p-adic hulls has great similarity with a functor. (c) From Kcp = L it follows that KPcpp = (PK)cpp = P(K</>P) = P(Kcp) = PL = Lp. For the second part we first note that (Kcp)p = P(Kcp) C Lp by 2.5(i).
Since cp: K -» Kcp is an isomorphism so is cf> :
Since /< < L does not imply K < L as remarked above it is also not true that <p injective implies cp injective in all cases.
2.7 Remark. The process described above is actually a functor on the category of p-reduced groups to a skeletal subcategory C of the category of reduced P-modules. Such a skeletal subcategory contains exactly one object from each isomorphism class of reduced P-modules. 
T). Since T*/T is torsion-free divisible so is Hom(Kp/K, T*/T).
It follows that (b) splits and all of (c) is proved.
(d) Immediate consequence of (c).
There are immediate consequences when K is a free module.
3.2 Corollary. // K is a torsion-free p-reduced group such that either K/pK is finite or K countable, and if T is a reduced p-group, then We shall give a necessary and sufficient condition for the existence of reduced unbounded p-primary epimorphic images. The theorem is motivated by the results of Howard [5] and the one very obvious part of the theorem which we will do first. The converse to the last statement is not true since torsion-free groups of finite rank which are p-reduced are of first category (being countable) but have no unbounded reduced p-primary homomorphic image.
5. An alternative P-hull. A different embedding of a group in a P-module is the one described in Cartan-Eilenberg [2] . 
